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I Galois theory forFinite Earle covers

a x is finiteétaleover sS x a section of morphism st stos ids Then s induces an isomorphism

of s winan open and closedsubschemeof x It s connected s maps s isomorpically onto a whole connected

component of x

to prove this need lemma

Lem p x s x ya x morphism of schemer

1 If tou is finite and a separated a finite

a If ou ane a finiteéeatemenso is a

Proof of pro bylemma s is finite etale hence its image is both open and closedin X It's also

injective hence prop

Cor If 2 s connected s scheme oh c x two s morphisms to a finiteéeale sscheme x with oe e e

forsomegeometricpoint i s er z then a

Givenmorphismofschemes define Auxis tobethegroupofscheme automorphisms of x preservinga Fora geometric point

s spec r s thereis a natural let action of Auxexist on thegeometric fibre Xs xx speech frombasecage

ar If x is is a connectedfiniteiureover thenontrivialelementsof aux s actwithout fixedpointsoneachgeometricfibreHereautexis

is finite



construction Lei p x s bean attiresurjectivemorphismofschemes G e Avexis a finite subgroup Define a ringedsomeax

and a morphism a X oxofringedseam

astopspace it is quotient of X by actionof G

a natural projection

structuresweat of ax subsheafCa 0 10of a invariantelements in Ox

er theringedspace on asconstructed is a scheme morphism a is affine and surjective and factorsas a to a winanattire

morphism a ax s

amp x s connected finite étateover and Gc auxis a finite group of s automorphisms of x then xx at is

a finite éeate cover of ax and ax is a finite éeale cover of s

A connected finite étele cover X s is Galois if it s automorphism gray acts transitively on geometric

fibres

Analogue of Galois theorem roof same as topological one

x s finite étale Galois over If 2 s is a connected finite étate cover fitting into

x a z

µ
s

then a x z is a finite étate Galois over and actually 2 Hix winsome subgroup it of G Aucxis

wegetbijection betweensubgroups of Gandintermediateovers z we cover x 2 s is Galois if it normal in which

case aucast Gilt

ay carnet o x s connected finiteétate cover thereis a morphism a c x suchthat as a e s is a finiteéeale

Galoisover every smutism froma Galois over to x factors through e

I Gapschemes and Torsors

a s scheme Agroupscheme over s is a morphismof schemes p o s that has a sectione s a G togetherwith smorphism

mult Gx G o i G G s t

Gx Gx G inGx G

mu g

maxedf end id
omit an e

ax a
dm

Gasa

mat
GxG mu G

mu G



Gis finite if the structure morphism p G s is finite similarly G is finite that finite eerie if

p is finitereally free finite étate

ex s speech If G speesa with finite étate k algebra a Gus is a finite étale group scheme

Fineof G overthe geometricpoint givenbyan algebraicclosureof Ks carries a group structure coming

from that of G compatible with the Galois action

S connected scheme G s a finite that group scheme A sleet G torsor or principal homogeneous

spaceover s is a finitelocally freesurjectivemorphism x s togetherwith a groupaction p ax x x cleanedbydiag

suchthatthemap le ill Gx x xxsx isan isomorphism

Cent s connectedscheme G S finite thatgroup scheme x s a schemeover s with netaction p Gxsx x x

Thesedatedefine a Gamorovers if thereexists a finite locally tree surjectivemorphism se xx y y

is isomorphicas a uschemewin ox e action to any acting onitselfbylefttranslations

PropI s connected scheme G finiteéeate group scheme over s

1 G is a constant group scheme is then a Gtorso is thesame as a finiteéeale Galois overwithgroup r

s If a morphism s speechwith a field in and G arises froman eeater group scheme onbybasechange to s then

every atensor yes is a finiteenecoverofs moreover thereis a finiteseparableextension Lik sunthat

axemanspec t s speechspeech is a Galoisétate over

Algebraic fundamental group

schemes denote Fees me category

objects finite éealecovers of s

morphisms morpheme ofschemes over s

Forobjects x s considergeometricfibre x's speechovergeometricpoint s speech s denote its underlying

set Fibsx

Given a morphism xx y in Fees induces morphism of schemes X sspec r Yis Spee ers

whichinduces set theoreticmap Fibs x Fibs y

call fibs on Fees the fibre factor at the geometric point s

categorically given factor F t ne an automorphism of F is a morphism offactors naturaltram

F F with a twosided inverse



AutCF group under composition of morphisms automorphismgunofF

Given schemes and a geometric point5 speech s definethe algebraic fundamental group a is s

the automorphismgroup of the fibrefunctor fibs on Fees


