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I Galois covers

4

Recall A cover of X is a space y our x with p Ya x suchthat baex I open v a x se pitv

is a disjoint unionof Ui each homeomorphicwith v

Def LetG be a group acting continuous fromtheleft on a topologicalspace Y TheactionofG iseven if eachpoint

yet has some open neighborhood U suchthat the opensets gu arepairwisedisjoint forall geG

Lem If G is a group actingevenly on a connectedspace Y the projection po Y Yo into a coverof lo

iii iii
Fromhere fix space x locally connected leanpointhasbasisofmind consisting ofconnectedopensubsea

Itecover p Yt x Artcan automorphisms of Y asaspacecompatiblewait p

also acts on price

g
continuous mess sax pot pegaptconnected top e 2

exercisesee2wina goes f g
Cor Anautomorphismof a connected over p Ya x having a fixedpoint must be trivial

Pop If G group actingevenly on connected space Y the automorphism group of the over pa y at is preciselyG

proof A An Y a

G is a natural subgroup of A

Take ae A look at its actionon yet Fibreof p are orbits of G s I g st acyngy

Apply cor to bog gives D g
prop If pY x is a connected cover the action of Au 41 7 is even Exercise

Notice a factors as y aucalx Y E x continuous

ref A one p Ya x Galois if 4 is connected andthe inducedmap p is a homeomorphism

cone
Fact A connected coverp Y x is Galois if Autcalx acts transitive oneachfibre ofp

Example x a 2 fix m s t integer Consider X n X
Galois cover withgroup 21m27



Tum Let p Y X be a Galois cover For each subgroup H of G Art14 IX

the projection p induces a naturalmap pit Aly X which turns HLY into

a cover of X

conversely if 2 X is a connected cover fitting into a commutative diagram

y f z
e Is

then f at 2 is a Galois cover and actually 2 E H Y for the subgroup

it Aut4121 of G Themap Ha ah 2 Autcuzi 2 Aut 412 induce a bijection

between subgrops of G and intermediate covers 2 The cover q z x is Galois if it is a

normal subgroup of G in whichcase Auczixt E G it

Lem Assume given a connected cover q Zt x and a continuous map t Y 2 If the

composite gof 4 x is a cover then so is five z proof see book

proof of them

since itcancalx a factor as Y at it at X

pit continuous since p p are covers

for sufficiently small v p v vet F discrete equipped with it action

pitch c it isomorphic to product of v andthe discrete set of Horbits of F pit it x cover

o f Y 2 is a cover it Art 412 is a subgroup of G

suffices to check it acts transitively on eachfibre of f

za2 y g e f z Both contained in fibre picqcz.tl sosince a Galois y ay withsomeoleo

apply prop g fool f says s yet fig flatlyill is the whole Y

EH

If it normal in G Gat acts naturally on 2 it preserving projection g So we

have injective group homon G it Art 21 1 But also Gla 12 E G Y ex so

G it Auc21x and q 2 x is Galois



Assume 2 x is Galois cover

First snow eachelement of G Aucuix induces automorphism of 2over X find 4 2 2

to make y I 4

ft If

z Y z commute

s t ta

x I

Take gey with image x agof y in X

fly and fitly are in same fibre g ca of g
since Auczix acts transitively on fibres of g F 4 taut ax that acetyl flags
Hence of fool by

An x homom G Autcalx whose kernel is it Artcuz hence normal A

I The monodromy action

Lem Let p tax be a cover y a pointof 4 and x ply
1 Givena path ties is a x with fool ex there is a uniquepath I a i Y with Ictyand

pot f

2 Second path g b 17 x homotopic to f Then gritsi t y withglol y i p g g
we have Fei gin actually I j homotopic

roofinvolves chasingthings down using compactness see book

Monodromy action

Given ya ptail and a e ti it ill representedby a loop f co i t X define

ay Fail Well defined by tem let action of a X it on pinn

Functor tibi from category of oven of X to category of sets equippedwith a left a x.int

action send cover p YeX to the fibre p in



Then X connected I locally simply connectedwith basepoint n

Fib induces an equiv of categoryof covers ofX win the category of left IX oil sets

connected covers a a ix n sets with transitive action

Galois covers asset spaces of normal subgroups


