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I Some Gregory Theory

A category I consists of objects morphisms between pairs of objects

Given objects A B of e denote the set of morphisms from A to B HomA B which

are subject to

Forallobjects A idae Homca A

Given te Hom AB beHomes c thereexists composition box eHomcac

s Given teHomcaB ida ideabe

Given deHoneais weHomes c eHom c D colon i ix it

D e HomCA B is an isomorphism it whereexists te Homera with too ida toe id Isom AB

opposite category E category withthesame objects andarrows reversed preserves id composition

product of categories e e e tea where objects are pairs É Ii and morphisms are pairs
ee

cot 2

B is a subcategory of e if it contain someobjects andsomemorphisms of e

full it forobjects A B e D Hon a B HomeA B

some useful examples

Sets objects are sets morphisms are settheoretic maps

Ab objects are abeliangroups morphisms are group homomorphisms subcategories but
not fun

Top objects are topologicalgroups morphisms are continuous naps

covariant factor I between e e consists of

A n Fca on objects

HomcaB HomFca Fass onseesofmorphism preserve id and composition

contravariant functor from e e e is a fencerfrom e to e

Examples of factors

ide leaves all objects morphisms fixed

Fix object a of e covariant HomCA

contravariant Home a

I sets sending B H Honea

B a HomeB a



and B e to Honda B Hamsa c as seas inducedby composition with

Homie A atom is at 1Questions I

I o la two functors a morphism of functors E is a collection of morphisms in t Ea Fca Gca

foreach object a such that
aFCA GCA

Food Giaa
FCB s GCB

Makes factors a category The morphism e is an isomorphism if each Ia is an isomorphism write FE G

natural transformation

e es equivalent if a tie L G e s e and isomorphisms e Foo I ide

4 Got tide Quasi inverse if too idea Go ride isomorphic

antiequivalent antiisomorphicif e is equivalent isomorphic to e

Note equivalencerelation check reflexive symmetric transitive

F e e faithful if foranyobject A B of e themen ofsets Fan nomcaB s Houcecal toss induced

by t is surjective fullyfaithful it allmaps Fans are bijective

F e e essentially surjective it every object of e is isomorphic to some object of theform Fca

Lem Two categories e and e are equivalent if a f e e which is fully faithfuland essentially surjective

Roof let Foreachobject vote there is isomorphism in Fia i v

Define G e s e by sending u to a and morphism v w to Gcp Fi ii p i

where B Gcw By construction Io FoG side Questions it

Nowconstruct isomorphism u Gottide need factorialmap ya Girlall A By fully faithfulness of

F suffices to construct Fuat F16171Alll Fia take that tobethe uniquepreimage of

ideal by trial Similar constructionyields inverse At Gctcall Hence 4 isom of factors

et Assume we have G er s e and isomorphism of famous to Gene and a oneside

Essential sung given c of ez it is isomorphic to FGcd via I

Fully faithful

Hom A B I HomFCA FCB1 Y Hom GIFAll GFCB l I Hom A B



F e sees is representable it t objet e ee and an isomorphism of functors F E atomic
r

representing object

YonedaLemma If F G are functors e sees represented by objects C and D resp everymorphism E E G

is inducedby a unique morphism b c

proof Rewrite EFLC Gla as Hom C C s HomDie

Image of id eHom c c identifies p D C this induces E

forobject A eachelementof FCA E Hom e A identifies with morphism P Cs A

which is the image of id e Hom c c Fla via Fist As I is a morphism

of functors Ia1017 Getcpl which under the isomorphism corresponds exactly to stop

car the representing object ofa representable functor t is uniqueuptouniqueisomorphism

I Intro tosheaves

Xtop space A preheat it sets F on X is the data

For each open act a set Flu

i ve u a map par Flat Fin

pace identity par twofav for wave u
Elements of F u called sections of F over I

can have presheat of groups ab groups rings etc with Fca being those things and map

homomorphisms

presheaves on fixed top space form a category

example cont realvalued functions defined locally on open subsets of X par givenby restriction of functions


